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Relativistic kinematics for reactions involving massless particles
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Some useful kinematical relations for the absorption of a photon by a nucleus and its recoil are
derived for the relativistic incident energies. These expressions provided for the relativistic kine-
matics of photoabsorption reactions, though simple, will be immensely useful for experimentalists
as well as theoreticians.
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I. INTRODUCTION
Experiments in which a photon (γ) with relativistic en-
ergy incident on a nucleus is absorbed by it, and the com-
pound nucleus (the γ-nucleus system C*) subsequently
undergoes nuclear reaction in one of the many available
channels, have recently become the subject of a good deal
of experimental interest, largely because of the availabil-
ity of the highly energetic photons at the Saskatchewan
Accelerator Laboratory (SAL) [1, 2], and Jefferson Labo-
ratory (JLab) [3, 4]. The excitation energy and relativis-
tic kinematical relations in the reactions of the form γ +
C → C* are derived. Explicit expressions are provided
for several quantities of interest and also conveniently
expressed in the centre of mass system.
II. RELATIVISTIC KINEMATICS FOR THE
REACTIONS OF THE FORM γ + C → C*
We consider a photon with kinetic energy Eγ (as mea-
sured in the laboratory) in the relativistic domain is in-
cident on a nucleus at rest in the laboratory with rest
mass m0 and derive expressions for several quantities of
interest.
A. The laboratory system
The laboratory system is the frame of reference imag-
ined to be fixed in the laboratory in which the experiment
is being perfomed. In the reaction stated above, the nu-
cleus is assumed to be the target which is at rest in this
system and the γ is incident on it with kinetic energy Eγ
as measured in this system. The energy conservation in
the laboratory system is, therefore, given by
[Eγ +m0c
2]2 = m′2
0
c4 + p2c2 (1)
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where m0 and m
′
0 are the rest masses of the nucleus be-
fore and after the photon absorption respectively, p is
the momentum of the recoiling nucleus in the laboratory
frame and c is the velocity of light in vacuum. The mo-
mentum conservation in the laboratory system can be
easily written as
hν0
c
=
Eγ
c
= p (2)
where h is the Planck’s constant and ν0 is the frequency
of the incident photon in laboratory frame.
1. Excitation energy of the nucleus
The excitation energy E∗ of the nucleus is the differ-
ence of rest mass energies of the nucleus before and after
the photon absorption. Solving Eq.(1) for m′
0
along with
Eq.(2) one obtains
m′
0
= m0(1 + 2Eγ/m0c
2)1/2 (3)
so that the excitation energy E∗ of the nucleus is given
by
E∗ = m′
0
c2 −m0c2 = m0c2[(1 + 2Eγ/m0c2)1/2 − 1]
= [m0c
2(2Eγ +m0c
2)]1/2 −m0c2 (4)
2. Recoil velocity of the nucleus
After absorption of γ with incident energy Eγ (as mea-
sured in the laboratory frame), the nucleus initially with
rest mass m0 and now with rest mass m
′
0
recoils with a
velocity vr as measured in the laboratory frame. Then
the momentum p of the recoiling nucleus in the labora-
tory frame is just
p = m′vr =
m′0vr√
1− v2r/c2
(5)
2where m′ is the moving mass of the recoiling nucleus in
the laboratory frame. Substituting the value of p from
Eq.(2) and solving for the recoil velocity vr one obtains
vr =
Eγc
[Eγ +m0c2]
(6)
and the kinetic energy Er of the recoiling nucleus in the
laboratory frame is
Er = m
′c2 −m′0c2 =
m′0c
2
√
1− v2r/c2
−m′0c2
= Eγ +m0c
2 − [m0c2(2Eγ +m0c2)]1/2 (7)
The kinetic energy Er of the recoiling nucleus in the lab-
oratory frame can now be rewritten as the obvious result
Er = Eγ − E∗. (8)
B. The centre of mass system
The centre of mass system of interacting particles is
defined as a frame of reference where the sum of the mo-
menta of all interacting particles is zero. Therefore, in the
centre of mass system incident photon and the target nu-
cleus moves with momenta which are equal in magnitude
pcm and opposite in direction. The photon momentum in
the centre of mass frame can be obtained using relativis-
tic Doppler effect whereas the momentum of the target
nucleus in the centre of mass system is just mvcm where
m is the moving mass of the target nucleus in the centre
of mass frame before collision and vcm is the velocity of
the centre of mass of the γ-nucleus system measured in
the laboratory system. Thus equating the momenta of
the photon and the target nucleus before collision in the
centre of mass frame
pcm =
hν0
c [1− vcm/c]√
1− v2cm/c2
= mvcm =
m0vcm√
1− v2cm/c2
(9)
one obtains expression for the velocity vcm of the centre of
mass of the γ-nucleus system measured in the laboratory
system.
vcm =
Eγc
[Eγ +m0c2]
(10)
which is also equal to the recoil velocity vr measured in
the laboratory system. Thus
vcm = vr (11)
The photon momentum and the momentum of the target
nucleus in the centre of mass frame are equal in magni-
tude pcm and opposite in direction and is given by
pcm =
Eγm0c√
[m0c2(2Eγ +m0c2)]
(12)
Similarly, the kinetic energy in the centre of mass frame
Ecm which is sum of the kinetic energies of the γ and the
nucleus moving in the centre of mass frame, is given by
Ecm =
hν0[1− vcm/c]√
1− v2cm/c2
+ [
m0c
2
√
1− v2cm/c2
−m0c2]
= [m0c
2(2Eγ +m0c
2)]1/2 −m0c2 (13)
and in this case the kinetic energy Ecm in the centre of
mass frame is also equal to the excitation energy E∗.
Thus
Ecm = E
∗ (14)
III. RELATIVISTIC KINEMATICS FOR γ + γ
COLLISIONS
The case of two photons with energies E1 and E2 in
laboratory frame of reference and moving in same di-
rection is uninteresting as they will both move with the
same velocity c and will never collide and the centre of
mass remains undefined. When they move in opposite
directions, the velocity vcm of the centre of mass of the
γ-γ system measured in the laboratory system can be
obtained by equating the momenta pcm of the two pho-
tons moving in opposite direction in the centre of mass
system. Thus
pcm =
hν1
c [1− vcm/c]√
1− v2cm/c2
=
hν2
c [1 + vcm/c]√
1− v2cm/c2
(15)
where and ν1 = E1/h and ν2 = E2/h are the frequencies
of photons in the laboratory frame. Therefore, solving
Eq.(15) for vcm one obtains,
vcm =
E1 − E2
E1 + E2
c (16)
and
pcm =
√
E1E2
c
(17)
where we have assumed E1 ≥ E2. The kinetic energy in
the centre of mass frame Ecm which is sum of the kinetic
energies of the two γ’s moving in the opposite direction
in the centre of mass frame, is given by
Ecm =
hν1[1− vcm/c]√
1− v2cm/c2
+
hν2[1 + vcm/c]√
1− v2cm/c2
= 2
√
E1E2.
(18)
3IV. SUMMARY AND CONCLUSION
In summary, the excitation energy and kinematical re-
lations in the reactions of the form C + γ → C* are
derived relativistically. Expressions have been provided
for several quantities of interest in the laboratory and
the centre of mass frames of references including γ + γ
collisions.
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